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An urn model of a linear stochastic system is investigated. By imposing
a8 boundary condition, the regular addition or removal of balls from certain
urns, a steady nonequilidbrium distribution can be induced. The quantity
vhich is a minimmm when the staste of the system is steady 1s the square of
the difference of the contents of two urns, multiplied by the probability of
transfer between the urns and summed over all urn pairs. The minimmm quantity
is approximately equal to the entropy production rate if the departure from

equilibrium is =amall.

1. Introduction. The equilibrium state of a thermodynamic system is
the state for which the entropy i1s a maximum. This principle contains the
information that the mechanism of transition from one state to another plays

no rart in determlaing the equilibrium distrivution. Although an extremum
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have described a living organism as such a system and have suggested that
the complexity of organisms may be better understood if it is reelized that
such systems do not take the most probable statesl)

In the development of macroscopic irreversible thermodynamics, it bas
been found that the steady state of some systems can be described by the

(2)
principle that the rate of entropy production is a meximum. Malkus has

applied this principle to a turbuleat flow problem with some lucceus 3)

The minimization of an integral wes used to obtaia spproximste solutions
for the Chapman-Fnskog approximation to the Boltzmann oq\ntion(k)wen before
Prigogine identified this integral as the kinetic theory representatiom
(to the seme approximation) of the entropy production ratofs)

An urn model of a lineer stochsastic system is described belov. Boundary
conditions are imposed which require a steady transport through the system.
The quantity vhich is a maximm for the steady configuration of the model
can be described as the product of the microscopic fluxes and forces im the
mcdel. This gquantity is a source term for a balance equation. It cam be
identified with the entropy production rate only vhen the system is close
to equilibriwm.

2. The Urn Model. Imagine a system coneisting of several wrns and a
large number of balls. The balls are mmbered consecutively and distributed
seong the urns, each of which ig designated Ly a letter. A number is chosea
2t random and the corresponding ball is removed from the urn in which it is
Zound and pleced in amother urn. If e ball is drswn from the ith wrn, them
“ié probaebllity that the urn in which the ball iz subsequently placed is the
Gnh urn 18 denoted f«‘. ?’ . 7The probeblilities ﬁ are required to satisfy

mecrosoGpie Teveraihility, '*”'5;,” ?a; ; - The easeamble average of the rate
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of change of the number of balls in an urn is given by equation (1).
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vhere n; 1s the mmber of balls in the ith urn,

%gi is the average change in n, per drawing,

and N is the total number of bells in all urms.

This system was introduced by the Erenfests to clarify the meaning

(6
of Boltzmenn's H theorem. )

H=2nlnn
[ (2)
dH dn.
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The system exhibits an irreversibie behavior as expressed by Boltzmenn's
H theorem. The unsteady behavior of the system as it approaches equili-
brium from arbitreary initial comditions hes been studied by several
mmn(7)(8)(9).

3. The Bonequilidr-ium State. A steady nonequilibrium comfiguration

can be produced ly applying certain boundary conditions. For instance, a

bell mey be periodically added or rewoved from a given urn. Then,
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vhere &, 1is the average number of balls added to the ith urn per
drewing and 2 a; =0 .
Consider the quantity P .

e =z mﬁﬁ)—ﬁ,‘ (5)
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For a small change in the state of the system,

flpregan) = <£ {50 py <=lin -0l o

Requiring ( P + zZa;n;) to be stationary with respect to any small
change of the state of the system §n, 1s equivalent to finding the
steady solution to equation (%).

The flux of particles from the ith to the jth wrn is (n‘-nf)ﬂl/N .
The quantity (“i""j) is a measure of the force driving this flux.

Therefore, P may be considered as the sum of the products of the

microscopic fluxes and forces in the system.




Multiplying equation (4) by n, and summing over all i results in

equation (8)
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Here P appears as a source term for the quantity BI-’iZ n‘." . The
flux of B through the boundaries of the system is given by z ®n;, .
B must decrease monotonically in an isolated system.
The quantities B and P may be identifled with the entropy aud
entropy production rate if the system ie very close to equiiibrium. For
n=n(l+¢) ad e =0 ,
W - [} R
S Zh; Ihn = —-Z (n.inn. +-£n.(‘) " (9)
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Similarly,
-2 nn =~ 3/7n, (11)

;,  dt 1

The identificetion holds o rder e.."

A minimm princinlie vhich charascterizes the steady state of a linear
atoshastic systez hes been found, but for a system which is far from

ueiliriue, bhe entropy production rate is not 2 minimm.

. This imvestigaijlon developed as & result of a comversation with.
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